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Magnetism is Quantum Mechanical

QUANTUM MECHANICS
THE KEY TO UNDERSTANDING MAGNETISM

Nobel Lecture, 8 December, 1977

JJH. VAN VLECK
Harvard University, Cambridge, Massachusetts, USA

Bohr - van Leeuwen theorem

In a classical system in thermal equilibrium
a magnetic field will not induce a magnetic moment

Lorentz force perpendicular to velocity = does not change kinetic energy
Boltzmann statistics occupies states according to energy



magnetic moments

complex wave function: current density

7) = — 5o (FEVUE) - w(7)VO))

orbital magnetic moment

T== | Fx/d3= [ ) — — |
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electron spin

s = —getbs (S) ., ge~2.0023...

atomic moments of the order of us



magnetic interaction

dipole-dipole interaction
LS AN B - M2
fy - p2 — 3(R - 1) (R - o) R \
AE =
4megc? R3 ,U1r/

interaction energy of two dipoles us two Bohr radii ap apart:

2#% — L/2 Hartree =~ 0.09 meV
Amegc?(2a0)® 13728 o

AE =

expect magnetic ordering below temperatures of about 1 K

what about magnetite (Fez04)
with Tc= 840 K ?



exchange mechanisms

coupling of magnetic moments
results from the interplay of
the Pauli principle
with Coulomb repulsion
and electron hopping
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not a fundamental but an effective interaction: model/mechanism



Models and Mechanisms

The art of model-building is the exclusion of real but irrelevant parts
of the problem, and entails hazards for the builder and the reader.
The builder may leave out something genuinely relevant; the
reader, armed with too sophisticated an experimental probe or too
accurate a computation, may take literally a schematized model
whose main aim is to be a demonstration of possibility.

P.W. Anderson

Local Moments and Localized States
Nobel Lecture 1977



Coulomb Exchange

Coulomb repulsion between electrons

HU_ZV—O\

1<J

consider two electrons in orthogonal orbitals @, and @ %
Slater determinant of spin-orbitals:

— .o - 1 Cba(/ji) 0(51) Cba(’jé) 0(52) %
Vorioo (511 2:%2) = 05 4(R) 0'(s1) 00(73) o' (52)
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Coulomb exchange: same spin ff ¢¢

when electrons have same spin: 0 = o’

oot = 75 ($a()0(72) = 9u():(73)) (51)0 (%)

Coulomb matrix-element

1 1
l//a),a; bo | 1= . Wa,a; bo | — A~ (Uab — Jab — Jba + Uba) — Uab — Jab
‘I’l — I’Q‘ 2

9a(71) 1% [¢6(72)I°

Coulomb integral Usp = /d3r1/d3r2

7 — R
exchange integral J,, = /d3r1/d3r2 ¢a(r1)qbbT£1) Cbﬁ(‘fz)fﬁa(fz)
M —



Coulomb exchange: opposite spin f¢ *T

when electrons have opposite spin: o = -0’

1
Worp (M, 5157, 5) = NG (Cba(Fi)Cbb(Fz) 1(s1)4s2) — Pu(1)Pa(r2) ¢(51)T(52))
1
Vo p(R,s15 7, %) = NG (Cba(Fi)Cbb(Fz) Ws1)M(s2) — du()Pa(r2) T(51)¢(52)>
diagonal matrix-elements <l//a,g;b,g — ! — l//a,a;b,a> = U,
i —
off-diagonal matrix-elements <l//a¢; bl | TS 1 — | V. b¢> = —Jab
n— R

: Uab _Jab )
Coulomb matrix
( _Jab Uab
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Coulomb exchange
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singlet:

bo(7)05(75) — 90(71)9a(7%) )

Sl

bo(7)05(75) — 90(71)9a(7) )
Agsinglet = Uap + Jab

% (¢3(F1)¢b(F2) + Cbb(ﬁ)flﬁa(?z))
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Coulomb exchange

orthogonal orbitals @2 and @»: Jap > 0

singlet —
I 2Jab

first of Hund’s rules: ground-state has maximum spin

triplet

S
L

d-shell

*

more electrons
more complicated
Coulomb matrix

Multiplets in
Transition Metal lons

0 2 4 6 8 10
number of electrons



atomic multiplets

Q. Zhang:

Calculations of Atomic Multiplets
across the Periodic Table

MSc thesis, RWTH Aachen 2014
www.cond-mat.de/sims/multiplet
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kinetic exchange

Coulomb exchange: Coulomb matrix for anti-symmetric wave functions

kinetic exchange: only diagonal U, interplay of Pauli principle and hopping

toy model — two sites with a single orbital
hopping between orbitals: ¢
two electrons in same orbital: U P1 @2

one electron Hamiltonian (tight-binding)

=( o) 1T

eigenstates

1
b+ = 7 (6151 + <152> €+ = Ft




direct exchange: same spin ff ¢¢

two electrons of same spin: basis states 1T, ), 4,4

Hamiltonian: no hopping, no Coulomb matrix element (Pauli principle)

i=(50) 1)

Etriplet = 0



direct exchange: opposite spin T* *f

two electrons of opposite spin: basis states

1,4), |4.,7T) (covalent states) 1, -), |-, N) (ionic states)

Hamiltonian
[0 0 —t —t) T, 1)
g 0 0 +t -+t Lo
| -t +t U 0 (N
\ -t +t 0 U ) VD

hopping -t: keep track of Fermi sign!

¥ ¥
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U
E4+ = E
Ecov — 0
Eion = U

e/t

direct exchange: opposite spin T* *f

! VU2 4+ 16 t2

2

eigenstates

(It =1 1y =% ) +1-])

Ve \/2 + €2 /(2t2)
Veov = 7<|T L) +14, T>) (Etriplet)
Vion = iz(m, - m)

limit U— oo (or t—0):

e — U-+4t?/U
Ey — —4t2/U




downfolding

partition Hilbert space

Hoo  To1 >
H—
( Tio Hi

resolvent

1
_ c—H — T
G(g) - (8 N H) = ( —Tl(?o € — /?/111 >

inverse of 2x2 block-matrix

Goo(e) = (& — [Hoo + Tox (& = /‘/11)_17_10})_1

downfolded Hamiltonian
Hefe =~ Hoo + To1(g0 — Hi1) ™ To

good approximation: narrow energy range and/or small coupling



Inversion by partitioning

2%2 matrix
M_(C d) M _ad—bc<—c a)
Invert block-2x2 matrix solve
(A B 4. (A B A B\ (A B\
M—<c D> i _<C D> (c D>(5 5)‘
AA+BC = 1 = (A—BD10)A
CA+DC = 0 ~ C=-D71CA



direct exchange: effective Hamiltonian

systematic treatment of limit U— <o (or t—0): downfolding

( 0 0] —t —t\
0 O+t +t
= —t +t| U
\ -t +t| 0 U/

downfolding eliminates ionic states (actually change of basis)
ey — (EE) eV O Tttt 22 11
Tt 4t 0 e—U —t+t) "~ U \-1 1

diagonalize Heff

(\T L+14. 1) triplet

Er = 0 W

%\

(1t =) singet

%\



direct exchange: effective spin-coupling

Jdirect = Etriplet — Esinglet = 4t2/U J>0 AF coupling
triplet — — —
I |2Jdirect|
singlet —

effective spin-Hamiltonian

_ 2t T, 4)
Pt = _7( 1) L)1)
Dt? 1 At?2 (L o 1

Heisenberg J



keeping track of all these signs...

towards second quantization

1

Slater determinant ~ ®n5(x1, X2) = 7 (a(X1)pp(x2) — Ya(x1)Pa(X2))
1

corresponding Dirac state |a, 3) = 7 (o) |B) — |B)|a))

use operators o, B) = C}QCJ;IO>

position of operators encodes signs

cicl|0) = |a. B) = —|B, a) = —clcl|0)

product of operators changes sign when commuted: anti-commutation

anti-commutator {A B} =AB+ BA
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1:

2:

second quantization: motivation

specify N-electron states using operators

10) (vacuum state)

normalization: (0]|0) =1

/o) = ¢! |0) (creation operator adds one electron)

normalization:  (a|a) = (0|c,c!|0)

overlap: (@]B) = (0 Cacg 0)

adjoint of creation operator removes one electron:
annihilation operator

Cx|0) = 0 and CaC[]; = ::C[];Ca + (|B)

o, B) = clcl|0)

- : P AT — AT A1
antisymmetry. ¢ Cg = —C5€



second quantization: formalism

vacuum state |0)

and
set of operators cq related to single-electron states @q(x)
defined by:

cx|0) =0 {ca,cﬁ}:O:{cgt,cg}

00y =1 {ca ci} = (alB)

creators/annihilators operate in Fock space
transform like orbitals!

field operators U(x) = 9a,(X) Ca,

Slater determinant \/%<0\V7(X1)U7(X2)...1/7(XN) chy - clck | 0)

www.cond.mat.de/events/correl13/manuscripts/koch.pdf
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second quantization: examples

two-site model with one electron

T i I
H = t<C1¢C2¢‘|‘ CopCrp T GG T C2¢C1¢> _tz CjoCio

I,J,0
two-site model with two electrons

_tz CioCio T UZ”’T”%

I.J,0

also works for single electron and for more sites

e easy to handle Slater determinants
e easy to write down many-body Hamiltonian
(become independent of particle number)



Hartree-Fock

ansatz: Slater determinant
W (6+,0))) = (sin(@i) CL + cos(8,) CL) (sin(@T) CIT + cos(64) C;fT) ’O>

energy expectation value
E(64,0,) = =2t (sinfysinf; 4 cos by cosB)) (cosb4sinB + sinH+cosb))
+U (sin” 64 sin® 6; + cos” 64 cos® 6, )

minimize wrt 6; and 9,

HF orbitals respect symmetry of model: restricted Hartree-Fock (RHF)
here: 6, = 6, = 11/4

HF allowed to break symmetry: unrestricted Hartree-Fock (UHF)
here: 6, = 11/2 — 6;



E,\=(0) /1

Hartree-Fock

energy expectation value for 6, = /2 — 6,

nt/4

/2



E/t

Hartree-Fock

2t + U/2

ER/_//: for U < 2t
—2t2 /U for U > 2t




direct kinetic exchange

singlet

N
% P

virtual hopping -t4/U x 2

triplet

ot

direct exchange



superexchange

TMOs: negligible direct hopping
between d-orbitals
iInstead hopping via oxygen

iInvolved in hopping

}/\A Ud
only one oxygen-p
€ €

d p
H = Z (801 Z Nic + Ep Npe — Tpd Z (CIJCPJ + C/];a /0) ) + Uy Z nixNj|
o i /



superexchange: same spin ff ¢¢

H = Z <8d Z Nic + Ep Npe — Tpd Z (CIGCPU + Cga /a) ) + Uy Z N+ Ny
o i /

oxygen-p full, two d-electrons of same spin

0 |t e\ chepepch) 4= 4L -
H= | toqg | Ug+ Apg 0 Cor Cpy €1 Clt 0) "
tpd 0 Ug + Apg C5y Cap Co C14|0) % A %
Hor = (0t (7 V72 0 Y (20) = 21,
© e =P 0 e — (Ug + Apd) Lpd Ug + Apqg



superexchange: opposite spin

( 0 0 ttpg  titpg 0 0 0 0 0 \
0 0 0 0 +1pd +1pd 0 0 0
+tpg O Ug + Apd 0 0 0 —thg O —Ipd
+tpg O 0 Ug + Apd 0 0 0 —tphy —lpd
0 +Tpd 0 0 Ug + Apd 0 +Tpd 0 +Tpd
0 +tpg 0 0 0 Ug + Apg 0 +thy +ipg
0 0 —Upd 0 +1pd 0 Uqy 0 0
0 O 0 —thy 0 +tpd 0 Ug 0
\ 0 0 —tpd —tpd —I—tpd —I—tpd 0 0 Q(Ud + Apd))

N

T T T AT
€24 Cp1Cpr 1t
clcl el el
27 pd TpT U1
cl el el ol
21 7pt -1l =11
ch el el el
21721 pl 1t
el el el
217 pl 1L 71t
cl ol el
21721 pT Tl
clcl el el
pl~pt -1l 717
el el el
2T¢ 2TT eri lng
€51 €161 G

(R R s N i
%%# %%% %%%
L N T

o o O O

o O O

- -
N N T U U i i g



superexchange: opposite spin N 1t

Hefe = Hoo + To1 (8 — (/‘/11 + T1o (e — Hy) ™ T21)) T10
~ Hoo — TorHii Tio — TorHiy TioHos Tor Hi7 Tao

g (o))~ (G ()
(R R s N i
i+ % Tt % it %

— 44 4= %

inglet-triplet splitti J Ay ( )
singlet-triplet splitting: — |
) Pt SRS (Ug + Apg)? \Ug ~ Ug+ Apd

expand in 1/Uq




ferromagnetic superexchange

r 2" N
E E
180° superexchange

hopping only via oxygen-p pointing
In direction connecting d-orbitals

90° superexchange % :>

no hopping connecting d-orbitals
but Coulomb exchange on oxygen

double exchange



ferro superexchange: same spin ff **

[ O tpd tpd 0 \ 11 Cuy Gt Cyy 61 a4 10)
tod | Ug + Apd 0 Lpd CNCITC:ET ;h ;TCQT O>
Lhd 0 Ug + Apg thd C4C :& iT ;TC;riCQT 0)

\ 0 tpd Lpd 2(Ud + Apa) — Jxy ) CucirT iT ;TCLC2¢ 0)

2t§d 4t§d 1

Heee =
fr Ug + Apd (Ud + Apd)2 Q(Ud + Apd) — JXy




ferro superexchange: opposite spin f¢ *f

oAt AT AT T AT

@)

0 0 ty Oty O 0 0 UG O Gy ey )
0 0 0 tod 0 tod 0 0 LG St Gyt ot 0)
tba O | Us+4pa O 0 0 tpd 0 €1y €11 Cx1 €y Gy €, 0)
0 tpg 0 Ug+Aps O 0 0 tod el clicl cf cl.cl.|o)
tod O 0 0 Ug+4ps O tod 0 clrcl clicl d cl o)
0 tpd 0 0 0 Ug+ Apg 0 tpd el ¢l cliclcl cl. o)
0 0 Lphd 0 Lpd 0 Q(Ud —I—Apd) —JXy CT CT CT CT CT CT O>
K 0 O 0 tpd 0 tpd —Jxy 2(Uqg + 4 d)) AUl
’ ’ ~ P QLG Gy 21O
Hett = — 2t/?d (1 0) B 4t§d 1 (Q(Ud + Apd)  +xy )
Ug + Apd 01 (Ud —+ Apd)2 4(Ud —+ Apd)2 — J)%y ‘|—ny Q(Ud -+ Apd)
2t2, 4t3, 1 _
_ <Ud Ay T Wa T A2 20Ug + Ang) = ny> (as for same spin)
N 4t5, Jxy < 1 -1 )
(Ug + Dpa)2 4(Ug + Apag)2 — 2, \ -1 1

4tgd 2 Jyy

J =
(Ug + Apa)? 4(Ug + Apa)? — 2,

singlet-triplet splitting




double exchange

double exchange involves both, full Coulomb matrix and hopping

mixed-valence compound: non-integer filling of d-orbital
d-electrons can hop even when U is large

simple model: two sites with two orbitals each

~lbp
2
1b - — 2D
° Jab
19— 2a
“ "



double exchange

tbb

7

s-32 T— —t b H
HPRH

|
o\

—Jab _tbb>
—tpp  —Jab

E+ = —Jap T Tpp

e == (110 M2 | | 1 1)2) =

7 k] ) |1

1
vl

b-electron hops against background of half-filled a-orbitals



double exchange

PR

T Th [~Jap—tw O O 0 0 )
—Jab —tbb

S,=1/2 ++/i+ —tp 0 —Jap 0 0 0
+— —+ L O —Jyp O —tpp O 0
_1__1_ _T__1_ 0 O —tpp, O —Jyp O

Jab P N 0 0 0 — ab 0 _tbb

S \ 0 0 0 0 —tw—Jup/
-

ground state €0 = —Jap — tpp

%(’T,TM',¢>2+!',T>1|T,¢>2+\',T>1|¢,T>2+|¢,T>1\',T>2+|T’¢>1|"T>2+|"¢>1|T’T>2)
1 1 L
= (It Do 1) S (11 02+ 11 1)a) + 5 (14 Do 140 ) 11.1):

hopping electron aligns a-electrons ferromagnetically
(teleports local triplet into triplet of a-electrons)



double exchange

Sz=3/2 Sz=1/2 Sz=—1/2 Sz=—3/2

T <
f— —+ 4= —4
b ++> o ++>

< r R < <
f— =+ 4= —+) = -+ 4 -3
H+ o+t <++ 4 <++ ++ A 4

< ~
f— =+ 4= —4
++ ++



double exchange

alternative model.
assume passive orbitals with many electrons (large Hund’s rule spin)
example: eq electrons hopping against t>4 background
consider these spins fixed with quantization axis tilted by & relative to each other

oA

rotation of quantization axis

deT = COS(’I?/Q) Copt — Slﬂ(’l9/2) Cop|
d2b¢ = sin(q?/Q) Copt + COS(’I?/Q) Copl

hopping mixes spins
—thb C;chle —tpp (+ cos(9/2) d;m + sin(9/2) dgm) C1

—top ChyyCupy = —ton (—Sin(9/2) dlyy + cos(9/2) d, ) iy,



double exchange

£ £
b— —A A A= b= —F A A
bAUA AT A AT

Y e A i
AT A HA A A A A A

assume a-spins cannot be flipped = no J terms
4 independent 4x4 Hamiltonians

for tep <Jap tilt merely reduces width of b-band

€+ = —Jp £ tpp cOS(V/2)

again, hopping of b-electron prefers ferro-aligned a-electrons



orbital ordering

same model, but now one electron per orbital

/ 0 0 —Thp — 1,3 \
. 0 0 + 145 +Thp
—Thb Laa Uab _ Jab 0
\ _taa BB tbb 0 Uab — Jab /

H R — 1 ( tezia t[%b _Qtaatbb) _ (taa — tbb)2 B Qtaatbb
e Uab - Jab _ztaatbb t328 —I_ tgb Uab — Jab Uab - Jab

effective interaction between orbitals: orbital singlet/triplet



——_

orbital ordering: opposite spins

1 2

+— 4
- —t
N
-t
+— —+

~

0 0 0 0 —tpp  —la; 0 0 \

0 0 0 0 +ta  +top 0 0

0 0 0 0 0 0 —tpp  —ta;

0 0 0 0 0 0 +T,2 +Tpb
—Ipp T laa 0 0 Uab 0 _Jab 0
—Tlaa T lpp 0 0 0 Uab 0 _Jab

0 0 —tpp  Tlaa _Jab 0 Uab 0

0 0 —Taa T lpp 0 _Jab 0 Uab /




orbital-ordering: opposite spin

/(tga + tgb)Uab _Qtaatbb Uab (tga + tgb)Jab _Qtaa thb Jab\

- 1 _Qtaa tbb Uab (tga T tt%b)Uab _ztaa tbb Jab (tsa T tt%b)Jab
Ugb — ng (te%a + tgb)Jab —2t..thp Jap (teQ;a + tgb)uab —2t..thp Uap

\ _Ztaa tbb Jab (tga T tgb)Jab _Qtaatbb Uab (tsa T tt%b)v/ab/

_ 1 ( Uab  Jab ) R ( tga + tgb —2taalhb >
Ugb — ng Jab Uab _Qtaa thb tga + tgb

1 1—1 1—1
— _ng,b_ng,b [Uab+Jab_Jab (_1 1)] X [(taa_ tbb)2‘|_2taatbb (_1 1)]

spin-exchange orbital-exchange

H e

2

simultaneous coupling of spins and orbital occupations
spin- and orbital-exchange tend to have opposite sign A




summary

exchange mechanisms
dominant magnetic interaction in materials
not a fundamental but an effective interaction: model/mechanism

2 Coulomb exchange: off-diagonal Coulomb matrix-elements;

ferromagnetic coupling (Hund'’s rule)

2 kinetic exchange: only diagonal Coulomb matrix-elements & hopping

2 direct exchange: anti-ferromagnetic spins: virtual hopping -4t4/U
2 superexchange: hopping via O-p orbitals

tends to be anti-ferromagnetic (180° superexchange)

but 90° superexchange is ferromagnetic
2 double exchange: hopping electrons align spins ferromagnetically
2 orbital ordering: exchange interaction between orbital occupations



summary

Lo Lo

(U= 0 0O LU U B o
H 0 Uab _Jab 0 R

U =
0 —Jab Uap 0 *l direct exchange
\ 0 0 0 Usw—Jdw/) N
Coulomb exchange: kinetic exchange:
ferro (Hund'’s rule) anti-ferro

tHT T T
%%% %%% %%%
% o ﬁL % % _ superexchange



summary

double exchange: often ferro

£~ -
__ ++>

F- 4
b+ 44 <++ 4

- 7
- —
++ o+t

orbital-ordering

5

+— —+4
f— —+
1o
-t

+— —+

|

R
4t

<
F— —t
++ 4+

»~
+— —+
t+

)

<
+— —
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