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Temperature-induced martensitic phase transitions in gum-metal approximants:
First-principles investigations for Ti3Nb
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We present a first-principles investigation of the structures and the dynamical stability of the austenite and
martensite phases of binary Ti3Nb alloys, used as a model system for the superelastic and superplastic gum-metal
alloy. For the body-centered cubic high-temperature β phase, structural models are constructed by optimizing
the chemical decoration of a large supercell and by a cluster expansion method. The energetically most favorable
structure is found to be elastically stable but dynamically unstable in the harmonic approximation. At finite
temperature anharmonic phonon-phonon interactions treated in a self-consistent phonon approximation stabilize
the structure already at room temperature. For the low-temperature α′, ω, and α′′ phases stable structure models
have been constructed. For the hexagonal α′ phase a model is generated by optimizing the chemical decoration of
a supercell based on the hexagonal Bh lattice. The hexagonal ω structure may be derived from the body-centered
cubic β phase using the (111) plane collapse model. The structure of the orthorhombic α′′ phase may be viewed as
produced by a strain-induced transformation of the body-centered cubic β phase, albeit with a different chemical
decoration. The relaxed structures of the α′, ω, and α′′ phases were found to be both elastically and dynamically
stable in the low-temperature limit. The martensitic temperatures for the β → α′′, β → ω, and β → α′ transitions
were estimated by comparing the Helmholtz free energies as a function of temperature.
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I. INTRODUCTION

The phase stability of Ti alloys can be changed by adding
alloying elements such as vanadium, niobium, molybdenum,
or iron, most of which are known to stabilize the bcc β

phase at ambient or elevated temperatures. The limit of bcc
stability was shown to be determined by the vanishing of the
shear modulus C ′ = 1

2 (C11 − C12) and correlated to a critical
electron-per-atom ratio of e/a ∼ 4.15.1,2 The stabilization of
the β phase is of practical importance because it enhances
deformation capability and strength of the alloy. Three kinds
of phase transitions (β → α′,α′′,ω) have been reported for
Ti-rich alloys.2,3 The structure of α′ martensite is closely
related to the hexagonal low-temperature α phase of pure
Ti, the formation of which is limited to low concentrations
of the alloying element. Above a critical alloying content
a martensitic transformation to the orthorhombic α′′ phase
is observed. The reversible β ↔ α′′ transition results in a
shape-memory effect.4 The ω phase can be formed as a
metastable phase, at low solute content by quenching from
the β phase, at higher solute content by isothermal aging close
to the martensite temperature.5 The structure of the ω phase
is either hexagonal or trigonal. Moffat and Larbalestier3 have
investigated the competition between the formation of α′′ and
ω phases in Ti-Nb alloys upon quenching and aging. Fast
quenching of alloys with 20–25 at. % Nb favors the formation
of the α′′ phase, while under slow quenching conditions the ω

phase is formed. Aging of air-cooled samples at temperatures

above 400◦C leads to formation of α′′ precipitates, while
aging at temperatures below 400◦C favors formation of the
ω phase. The formation of α′′ and ω precipitates was found to
be mutually exclusive; no transformations between both low-
temperature phases was observed. A β → α′′ transformation
can also be induced by applying uniaxial strain. The plastic
deformation of β-phase alloys is a complex process, because
besides simple dislocation-motion deformation, twinning and
stress-induced martensitic transformations play an important
role. The dominant mechanism depends on alloy composition
and/or the fabrication process.6

During the last decades, binary Ti-V,7 Ti-Nb,8–12 Ti-
Ta,13 and Ti-Mo14 based alloys have been the focus of
intense research efforts because their superelastic and shape-
memory properties makes them suitable for many high-tech
applications and detailed investigations of their martensitic
transformations have been reported.10 β-phase Ti alloys with
Nb, Ta, and Zr have also been considered for biocompatible
implants because they feature not only high strength, corrosion
resistance, and nontoxicity, but also a low Young’s modulus
compatible with that of human bones.15

Detailed results for the martensitic transformations in
binary Ti-Nb alloys with 15–35 at. % Nb have been reported by
Kim et al.10 The critical strain for the β → α′′ transformation
is found to decrease linearly with increasing Nb content. At
a composition of Ti3Nb the maximum transformation strain
of 4.1% is reported for the [110] direction, and lower values
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of 2.1% and 1.5% have been found for the [100] and [111]
directions, respectively. The martensitic start temperature
decreases from about 500 K at 20 at. % Nb to about 150 K at 30
at. % Nb, reaching room temperature at the composition Ti3Nb.
The critical stress for slip increases due to the fine subgrain
structure of the ω precipitates, leading to stable superelasticity.

The name of gum-metal has been given to a class
of Ti-Nb-Zr-O alloys which display high strength, a low
elastic modulus, high yield strain, and a very good ductility
developed at the Toyota Central Research and Development
Laboratories.16 These properties are achieved by adjusting the
alloy composition such that the average electron-per-atom ratio
comes close to a critical value of e/a ∼ 4.24, for which ab
initio calculations of the elastic constants of binary Ti-based
alloys have predicted a vanishing tetragonal shear constant.17

Under tensile loading the alloy deforms elastically until the
stress approaches the value of the ideal strength of σ ∼
1.5 GPa estimated from the calculated elastic constants.18–20

It has been reported21 that in gum-metal the large elastic
deformation reaching 2.5% is not accompanied by martensitic
phase transformation. Nanoindentation experiments reveal
an unusual deformation pattern around the imprint of the
nanoindenter22 but no evidence for dislocation, twin, or
fault propagation. In contrast, tensile and compressive load-
ing of single-crystal specimens of gum-metal23,24 and the
compression of nanopillars of the material25 studied in situ
using transmission electron microscopy demonstrated that a
deformation-induced transformation to the orthorhombic α′′
phase takes place. Largely reversible stress-induced phase
transformations during tensile loading and unloading were
observed also using in situ synchrotron x-ray diffraction.26,27

Formation of the α′′ phase under stress was found to be very
sensitive to the direction of the applied load. Single crystals
oriented along (110) underwent a β → α′′ transformation
under tensile load, while crystals loaded along (111) or (100)
did not transform at all. Compressive stress along (100)
induces a martensitic transformation.

In contrast to the extensive experimental investigations
of gum-metal and related alloys, only a very few attempts
have been made to achieve a fundamental understanding of
their outstanding properties by atomistic simulations. Saito
et al.16 suggested that the unique properties result from a
dislocation-free plastic deformation mechanism called giant
planar faults, which induces crystallographic rotations from
the neighboring area by plastic deformation. Sun et al.28 have
calculated the total energies and elastic properties of the β, α′′,
and ω phases of Ti3Nb using density-functional theory. Phase
stability was found to decrease in the sequence α′′ → ω → β

(assuming D03-type ordering in the β phase). The bulk moduli
of all three phases were found to be of similar magnitude,
but the shear and Young’s moduli are lower in the β than in
the α′′ and ω phases. Li et al.29 performed calculations of
the elastic properties and the ideal tensile and shear strengths
of bcc Ti-V alloys in a virtual crystal approximation. They
demonstrated that at a critical composition of 75 at. % of Ti
the alloy indeed shows exceptionally low values of the ideal
tensile and shear strengths and proposed that a dislocation-free
deformation takes place because the triggering stress for
dislocation motion exceeds the ideal strength. However, details

of the alloy structure and the relative stabilities of the
competing martensitic phases of the alloy have not been
investigated so far.

That the bcc high-temperature phases of many metals are
stabilized by their large vibrational entropies was proposed
long ago by Zener.30 For the light alkali metals Li and Na and
for LiMg alloys this conjecture has indeed been confirmed
by quantitative calculations of the vibrational free energies,
leading to reasonably accurate predictions of the martensitic
temperatures.31 Moroni et al.32 have pointed out that for the
stabilization of the bcc phases of the group IV transition
metals Ti and Zr, both the vibrational and electronic entropies
play an important role. However, in contrast to the bcc alkali
metals and their alloys which are found to be dynamically
stable in a harmonic approximation, the phonon spectra
of bcc Ti and Zr calculated in a harmonic approximation
reveal imaginary phonon frequencies at some wave vectors.
Souvatzis et al.33 have demonstrated that for Ti, Zr, and Hf
the unstable phonon modes are stabilized at finite temperature
by anharmonic phonon-phonon interactions treated in a self-
consistent phonon approximation.34–37 Very recently38 this
approach has been extended to the investigation of the stability
of the bcc (B2-type) β phase of NiTi shape-memory alloys
and of the premartensitic transition to a rhombohedral R phase
(space group P 3). The investigations did not include the low-
temperature martensitic phase, which is generally believed
to crystallize in the monoclinic B19′ structure (space group
P 21/m).39–41 Recent ab initio calculations have raised doubts
about the structure of the martensitic phase of NiTi, suggesting
that the experimentally reported B19′ phase might be stabilized
by internal stress and that a B33 phase (space group Cmcm)
has a lower energy.42–44 Detailed studies of the deformation
mechanisms under strain have demonstrated that although the
B33 is lower in energy, its formation in bulk samples might be
suppressed because the B2-to-B33 transformation requires an
unusually large extension of one of the lattice constants. Thus,
while for the NiTi alloys atomistic models for the structure
of the austenitic and martensitic phases are available, our
knowledge of the crystal structures of gum-metal and related
alloys is far less complete.

The aim of the present work is to investigate the martensitic
phase transitions in gum-metal approximants using ab initio
calculations. Originally the intention was to extend the work
of Ikehata et al.17 on the elastic properties of binary gum-metal
approximants with the D03 structure to a calculation of their
phonon dispersion relations and vibrational free energies and
to compare these results with similar calculations for the
hexagonal and orthorhombic phases. However, difficulties
already arose at a lower level. New calculations of the elastic
constants of D03-type Ti-(V, Nb, Ta) alloys with improved all-
electron methods found bcc Ti3V and Ti3Nb to be elastically
unstable (negative values of C44), and calculations of the
formation energies for point defects also produced negative
values for antisite defects in D03-type Ti3Nb if a full relaxation
in a large supercell was permitted. Hence the assumption that
an ordered D03 structure provides a realistic model for the
structure of the alloy turned out to be invalid, confronting
us with the necessity to construct a better structural model.
The search for a better description of the structure and the
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investigation of the dynamical properties of the body-centered
cubic, hexagonal, and orthorhombic phases are described
below. While for the hexagonal and orthorhombic phases the
optimized structures were found to be both elastically and
dynamically stable, even the energetically most favorable bcc
structure was found to be dynamically unstable, although elas-
tically stable. Hence, the situation is similar to that of pure Ti,
where the high-temperature bcc phase is dynamically unstable
at low temperatures. Self-consistent phonon calculations have
been used to demonstrate that at finite temperature the bcc
phase is stabilized by anharmonic phonon-phonon interactions
and to estimate the transition temperatures to the hexagonal
and orthorhombic low-temperature phases.

II. COMPUTATIONAL METHODS

Our ab initio total-energy and force calculations are based
on density-functional theory (DFT) as implemented in the
Vienna ab initio simulation package (VASP).45,46 A gradient-
corrected functional has been used to describe electronic ex-
change and correlations.47 Electron-ion interactions are treated
within the projector-augmented-wave (PAW) method.48,49 The
plane-wave basis set contained components with kinetic
energies up to 350 eV. The total energy was calculated with
high precision, converged to 10−8 eV/atom. Forces acting
on the atoms were calculated using the Hellmann-Feynman
theorem,50 and stresses on the unit cell were calculated
using the generalized force theorem of Nielsen and Martin.51

Structural relaxation was performed using a quasi-Newton
algorithm or the GADGET routine developed by Bučko et al.52

using generalized coordinates. The structural relaxation was
stopped when all forces acting on the atoms, calculated
according to the Hellmann-Feynman theorem, were converged
to 10−3 eV/Å, and all components of the stress tensor except
that conjugate to the imposed strain where converged to
0.05 GPa.

Structural models for the bcc β and hexagonal α′ phases
have been constructed by optimizing the chemical decoration
of the sites in large supercells and subsequent structural
relaxation. In addition, for the β phase cluster-expansion
calculations53 have been performed. Models for the ortho-
rhombic α′′ and hexagonal ω phases have been constructed
by applying appropriate deformations to the bcc lattice for the
β phase with different chemical decorations and subsequent
relaxation. For calculation of the elastic constants we used the
symmetry-general least-squares extraction method proposed
by Le Page and Saxe54 in connection with VASP. The cubic
cells were submitted to ±ε1 and ±ε4 strains, the tetragonal
cells were submitted additionally to ±ε3 and ±ε6 strains, and
for the orthorhombic cells two more strains, ±ε2 and ±ε5, were
added. For each set of strains ±εi , three different magnitudes
of 0.25%, 0.5%, and 0.75% were used. Atomic coordinates
were relaxed at constant strains using the external optimizer
developed by Bučko et al.52 For calculation of the elastic
constants the total energy was calculated with even higher
accuracy, converged to 10−9 eV/atom.

Very fine k-point meshes are required to calculate the
elastic shear constants (details are given below together with
the information on the supercells used for the simulations).
All integration meshes were constructed according to the

Monkhorst-Pack scheme.55 The integration over the Brillouin
zone used the tetrahedron method with Blöchl corrections.56

For calculations of the vibrational frequencies of a system
we utilized generalized density-functional perturbation theory
as implemented in VASP.57 The calculations were performed
for supercells containing up to 32 atoms. Tests performed
with a larger supercell containing 108 atoms showed that the
phonon frequencies differ only little and the free energy is
converged with respect to supercell size. The PHONOPY58

package was used to visualize calculated phonon dispersions.
The vibrational contribution to the free energy Fvib(V,T ) is
calculated using the phonon density of states g(ω) from the
self-consistent phonon calculations as

Fvib(V,T ) =
∫ ∞

0
g(ω)

[
h̄ω

2
+ kBT ln(1 − e−h̄ω/kBT )

]
dω.

(1)

It has been demonstrated by Cochran and Cowley37 that this
gives a value of the entropy which is correct to leading order
in the anharmonicity.

The electronic contribution to the free energy Fel(V,T ) is
evaluated directly in VASP by using the Fermi-Dirac function
for the smearing of the eigenvalues. The electronic contribution
is obtained by using a smearing width σ appropriate for
the temperature (σ = kBT ) and calculating the total energy
difference with respect to σ = 0. The Helmholtz free energy
was then calculated by

F (V,T ) = E(V ) + Fel(V,T ) + Fvib(V,T ), (2)

where E(V ) is the static lattice energy. Note that thermal
expansion has been neglected, because it would make the
calculations very time-demanding.

The bcc β phase was found to be dynamically unstable at
low temperatures; it is stabilized only at finite temperatures
by anharmonic interactions. Anharmonicity was included by
means of the self-consistent ab initio lattice dynamical method
(SCAILD) developed by Souvatzis et al.33 The SCAILD
method combines Born’s self-consistent phonon approach34–37

with accurate ab initio calculations of interatomic forces in
a supercell. All phonons with wave vectors commensurate
with the supercell are excited together in the same cell. Due
to the simultaneous presence of all commensurate phonons,
the interaction between different lattice vibrations is taken
into account. The phonon frequencies are calculated in a self-
consistent manner by alternating between DFT calculations
of the Hellmann-Feynman forces acting on atoms displaced
from their equilibrium positions, and calculations of improved
phonon frequencies and atomic displacement vectors. The self-
consistent loop represents a much larger computational effort
compared to usual phonon calculations, because the forces
have to be recalculated at each iteration. In our calculations,
about 100 iterations were necessary to obtain converged
phonon frequencies. Note that in the present calculations
thermal expansion and phonon damping have been neglected,
and all calculations were performed at constant volume using
the calculated lattice constants. A more detailed description of
the SCAILD method can be found in the Appendix.
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III. STRUCTURAL MODELS FOR THE β, α′, α′′, AND ω

PHASES OF Ti3Nb ALLOYS

In all four structural variants, Ti-Nb alloys are generally
characterized as disordered and a random distribution of
the chemical species over the sites of the bcc, hexagonal,
or orthorhombic lattices is assumed. Elementary excitations
in disordered alloys can be described, in principle, by two
different approaches: (i) The structure of the alloys can be
approximated by a large supercell whose sites are occupied
such as to minimize the total energy of the system. Electronic
or vibrational spectra can be calculated via diagonalization of
the Hamiltonian or dynamical matrices. (ii) The disordered
alloy is described by an effective periodic Hamiltonian
constructed at different levels of theory—the virtual crystal
approximation (VCA), the average T-matrix approximation
(ATA), or the coherent potential approximation (CPA).59–61

For a comparative discussion of the effective Hamiltonian
and supercell approaches applied to harmonic phonons in
disordered alloys, see, e.g., Refs. [ 60–62]. The analysis
has demonstrated that even a high-level theory such as the
CPA may fail quite badly, at least if implemented as a
single-site theory. The reason for this failure is twofold: (i)
Mass disorder (which is usually considered as diagonal and
implemented as such in the CPA) has in fact the same effect
as off-diagonal force-constant disorder, since the vibrational
frequencies are determined by the interatomic force constant
divided by the square root of the product of the atomic
masses. (ii) Even small displacements of the atoms from
their idealized lattice sites, induced by changes in the local
environment, lead to pronounced changes in the local force
constants. Supercell calculations, on the other hand, are in
good agreement with the measured phonon frequencies and
dynamical structure factors.60,62 For dynamically stable alloys
the defects of the single-site CPA could possibly be cured
by a cluster version of the CPA. Ti-rich β-phase alloys,
however, are dynamically unstable and the bcc lattice is
stabilized only by anharmonic phonon-phonon interactions.
We have therefore used the supercell approach which permits
an accurate description of anharmonicity within self-consistent
phonon theory. The chemical decoration of the underlying
bcc or hexagonal lattices has been optimized using extensive
total-energy calculations. For the low-temperature phases an

unconstrained optimization of the unit-cell parameters and
internal coordinates has been performed for each configu-
ration, while for the high-temperature phase only the unit
cell parameters have been relaxed at fixed reduced internal
coordinates. In addition, for the bcc high-temperature phase
we have used a cluster-expansion approach53 to search for the
optimal structure.

A. High-temperature bcc β Ti3Nb alloys

1. D03-type alloys

The search for β-phase Ti alloys with optimal elastic and
plastic properties has been guided by ab initio calculations of
the elastic constants, assuming a D03 structure for Ti3X and
a B2 structure for TiX alloys.17 These calculations predicted
Ti3Nb to be marginally stable in the D03 structure, with a
very small value of the shear constants C44 and C ′ = 1

2 (C11 −
C12). Figure 1 compares the elastic constants of three D03-type
Ti3X alloys (X = V, Nb, and Ta) as calculated using the PAW
approach implemented in VASP with the previous calculations
of Ikehata et al.17 based on ultrasoft pseudopotentials (USPP).
The present calculations are based on very fine Brillouin-zone
meshes (up to 20 × 20 × 20) and use the method of LePage
and Saxe54 to extract the elastic constants from the stress-strain
relations. For control some elastic constants have also been
calculated using the generalized perturbation approach to the
response functions, as implemented in VASP by Gajdoš et al.57

Agreement of our results with Ikehata et al.17 was generally
very good (see Fig. 1), with the exception of C44 of Ti3V
and Ti3Nb, which we found to be negative—in contrast to the
previous study.

The discrepancy between the two sets of results arises from
the strongly nonlinear stress-strain relation for Ti3V and Ti3Nb
(see Fig. 2), which is in turn a consequence of a strongly
structured electronic density of states in the vicinity of the
Fermi level. If larger sampling strains of ε4 ∼ 4% are used for
the calculation of C44 (such as in the work of Ikehata et al.17),
positive shear constants are calculated, while more accurate
calculations using very small strains produce negative values
(which are also confirmed by calculations using the linear
response approach). For Ti3Ta the stress-strain relation is
almost perfectly linear for all strains in this range, and the
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FIG. 1. (Color online) Elastic constants of D03-type Ti3X (X = V, Nb, Ta) alloys, calculated using the PAW method and compared with
the USPP calculations of Ikehata et al.17 (cf. text).
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FIG. 2. (Color online) Stress-strain (σ4 vs ε4) relations determin-
ing the elastic shear constant C44 for D03-type Ti3X (X = V, Nb, Ta)
alloys (cf. text).

use of a larger sampling strain produces correct results. The
difference between USPP and the all-electron PAW method is
of minor importance in this case.

The formation of point defects (vacancies, antisite atoms)
has been investigated using the grand-canonical formalism
developed by Fähnle et al.63 and applied to large supercells
of D03-type intermetallic compounds by Dennler et al.64

For Ti3Nb alloys we have used large supercells consisting
of 2 × 2 × 2 cubic supercells containing 128 atoms. The
calculations have been performed without relaxation, with
relaxation at a fixed cell volume, and allowing a full relaxation
of cell volume and internal coordinates. Both vacancy and
antisite formations were found to be exothermic processes if
a relaxation of the internal degrees of freedom was permitted.
In addition, the D03 structure was found to be dynamically
unstable in a harmonic approximation (the phonon dispersion
calculations have been calculated using the direct method65

and the large supercell) with imaginary acoustic phonon modes
(see Fig. 3). Although the occurrence of some imaginary
phonon modes was expected in an alloy undergoing a low-
temperature martensitic transformation, the instability against
shear deformations and the formation of point defects provide
ample evidence that the D03 structure does not represent an
acceptable model for these alloys. We have also investigated
the possible stabilization of the structure by anharmonic
phonon-phonon interactions but found that imaginary phonon
modes persist to very high temperatures (see below for details).
These results confront us with the necessity to construct a more
suitable structural model for the β phase.

2. Supercell models for β Ti3Nb with an average bcc lattice

A search for possible structures of Ti3Nb alloys describable
as superstructures of a basic bcc lattice has been conducted
in a 2 × 2 × 2 bcc supercell containing 16 Ti and Nb atoms
in a proportion of 3 to 1. For this supercell there are 1820
different possible distributions of the two types of atoms over
the available sites of the bcc lattice. However, using a group-
theoretical classification 29 classes of structurally equivalent
configurations can be identified. Each class consists of
4 to 192 symmetry-equivalent representatives. For all

FIG. 3. (Color online) The phonon dispersion relations of D03-
type Ti3Nb, calculated in the harmonic approximation and repre-
sented in the Brillouin zone corresponding to the primitive unit cell
containing four atoms (cf. text).

structures volume and shape of the unit cell (but not the internal
coordinates, to preserve an overall body-centered lattice) have
been relaxed. The calculations show that two or more classes
of structures can be combined into one group—all members
of this group are energetically degenerate and belong to the
same space group.

Table I lists the chemical decorations, relaxed lattice
constants, and atomic volume for all possible configurations
of a 16-atom 2 × 2 × 2 bcc supercell of Ti3Nb. The structural
energy differences are given relative to the energetically most
favorable structure. The site occupation can be represented
by a string of 16 binary digits—0 standing for occupation
by a Ti, and 1 for occupation by a Nb atom. The notation
is based on a representation of the bcc structure by two
interpenetrating simple cubic lattices. The first eight digits
label the sites of one, and the following eight the sites of the
second lattice. Hence, e.g., the D03 structure is described by
the string 0101010100000000—the first lattice is occupied
alternatingly by Ti and Nb atoms, while all sites of the second
lattice are occupied by Ti atoms.

The energetically most favorable structure exists in 16 dif-
ferent realizations (group G1); the total energy is lower by only
0.58 meV/atom than for the next favorable group of structures.
Upon relaxation the cubic unit cell of these structures remains
unchanged. Only for four of the 18 groups of structures (G1,
G10, G14, G16) the cubic symmetry is conserved upon relax-
ation. Group 14 corresponds to the D03 structure, but it is found
to be 7.79 meV/atom higher in energy than the energetically
most favorable G1 structure. For most groups of structures,
relaxation reduces the symmetry to tetragonal (groups G2–
G5, G7–G9, G11–G13, G15, G17, G18); for group G6 the
symmetry is only orthorhombic. Note that all tetragonal or
orthorhombic distortions are very small, about 1% on average.
The structure of group G18 corresponds to the well-known
tetragonal L60 structure. Although this structure represents a
chemical decoration with a relatively high total energy (�E ∼
11 meV/atom), we have found that it plays an important role
in the transformation to the orthorhombic α′′ phase.
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TABLE I. Chemical decorations (represented by a string of 16 binary digits, cf. text), lattice constants (in Å), volume/atom 	 (in Å3),
structural energy difference �E relative to the energetically most favorable structure (in meV/atom) of all possible configurations of a 16-atom
2 × 2 × 2 bcc supercell of a Ti3Nb alloy. The translational symmetry is cubic (c), tetragonal (t), or orthorhombic (o), as indicated for each
group of structures (cf. text).

Chem. decoration Count a b c 	 �E Group

0000011000100100 12 6.524 6.524 6.524 17.36 0.00 G1(c)
0000110000101000 4 6.524 6.524 6.524 17.36 0.00
0001000001000110 48 6.536 6.536 6.504 17.37 0.58 G2(t)
0111000010000000 48 6.504 6.536 6.536 17.37 0.58
0000000010100101 24 6.561 6.459 6.561 17.38 0.76 G3(t)
0000000000010111 24 6.561 6.561 6.460 17.38 0.76
0000000001101010 96 6.542 6.519 6.519 17.38 0.86 G4(t)
0100001010000001 48 6.512 6.550 6.512 17.36 1.44 G5(t)
0010010000101000 48 6.512 6.512 6.550 17.36 1.44
0000100011000001 192 6.497 6.528 6.554 17.37 1.54 G6(o)
0100100110000000 48 6.520 6.520 6.538 17.37 1.62 G7(t)
0001110010000000 48 6.520 6.520 6.538 17.37 1.62
0110000000100010 96 6.538 6.538 6.502 17.37 2.33 G8(t)
0100100000100010 24 6.512 6.556 6.512 17.37 2.38 G9(t)
1001000000100100 24 6.512 6.512 6.556 17.37 2.38
1001101000000000 32 6.526 6.526 6.526 17.37 2.51 G10(c)
0000100001110000 96 6.526 6.526 6.526 17.37 2.51
0011100010000000 96 6.518 6.518 6.535 17.36 3.60 G11(t)
1010000001000010 96 6.355 6.518 5.518 17.36 3.60
0001100001000001 192 6.535 6.518 6.518 17.36 3.60
0010000100100001 96 6.556 6.456 6.556 17.36 4.18 G12(t)
1001000010001000 192 6.556 6.556 6.465 17.36 4.18
0001000100000011 96 6.556 6.465 6.556 17.36 4.18
0001000100100001 12 6.583 5.915 6.583 17.36 6.26 G13(t)
0101010100000000 4 6.522 6.522 6.522 17.34 7.79 G14(c-D03)
0100000001100001 48 6.558 6.558 6.445 17.33 9.86 G15(t)
0001010100000001 16 6.521 6.521 6.521 17.33 10.41 G16(c)
1000100000000110 48 6.545 6.507 6.507 17.32 11.22 G17(t)
0010100010001000 12 6.499 6.499 6.561 17.32 11.38 G18(t-L60)

The energetically most favorable G1 structure has space-
group symmetry R3̄m. The lattice constant is a = 6.524 Å for
the 2 × 2 × 2 bcc supercell containing 16 atoms. The lattice
constant of abcc = 3.262 Å for the underlying bcc lattice is
almost identical with the results of Ikehata et al.17 (3.273 Å)
and Sun et al.28 (3.260 Å), assuming a D03-type ordering
and with the room-temperature measurements of Kim et al.10

(abcc = 3.287 Å). A schematic representation of the three most
relevant structures is shown in Fig. 4. The G1 structure is
characterized by chains of nearest-neighbor Nb atoms running
along one of the body diagonals, e.g., the [111] directions.
In the D03 structure chains of Nb atoms extend along the
face diagonals. In the tetragonal L60 structure chains of Nb
atoms are arranged parallel to one of the edges of the cell.
The essential difference between the alloy models is evident:
Whereas in the D03 structure each Nb atom has eight Ti
neighbors in the first and six Ti neighbors in the second
coordination shell, in the G1 structure the Nb atoms have
two Nb and six Ti next and six Ti next-nearest neighbors, and
in the L60 structure the Nb atoms have eight Ti next and four
Ti and two Nb next-nearest neighbors. Similar arrangements
of nearest-neighbor Nb-Nb bonds as for the G1 structure, in
the form of zigzag or spiral chains, are also characteristic for
other low-energy structures, emphasizing the importance of

strong Nb-Nb interactions for the structural stability. All three
structures may also be described by smaller primitive unit cells
containing only four crystallographically inequivalent atoms,
as shown in Fig. 4.

The energetic ordering changes if different levels of relax-
ation are permitted. A relaxation of the internal coordinates at
a fixed cell shape and under the constraint of conserving space-
group symmetry (which is the standard mode of relaxation in
VASP) leaves the G1, D03, and L60 structures unchanged. If
prior to the relaxation of the atomic positions the symmetry
is broken, the energy of the G1 structure is lowered by
9.4 meV/atom, that of the L60 phase by 14.5 meV/atom. The
D03 structure remains unchanged. A subsequent full relaxation
(volume and shape of the unit cell and internal coordinates)
lowers the energy of the G1 phase further by 6.7 meV/atom
and that of the L60 phase further by 14.3 meV/atom. Hence the
fully relaxed L60 structure is lower in energy by 25 meV/atom
than the D03 phase and by 1.2 meV/atom lower than the G1
phase. As we demonstrate below, it represents a possible model
for transforming to the α′′ phase. The structure resulting from
a fully unconstrained relaxation of the G1 structure, on the
other hand, represents only a local minimum of the potential
energy and was found to be dynamically unstable. This is
a first indication that upon transformation to a more stable
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FIG. 4. (Color online) Comparison of the chemical decoration of the 2 × 2 × 2 bcc supercell of a Ti3Nb alloy corresponding to the G1
(a), D03 (b), and L60 (c) structures. Ti atoms are shown in blue (light gray), Nb atoms in red (dark gray). For all three structures an irreducible
four-atom unit cell may be defined. The crystallographically inequivalent sites in the irreducible cell are labeled by the chemical symbols (cf. text).

low-temperature phase the chemical decoration optimized for
the bcc lattice will not be conserved.

We have also calculated the elastic constants for the G1
β-phase Ti3Nb alloy, and the results are compiled in Table II
together with the elastic constants measured by Takesue et al.23

and by Talling et al.26,27 for different gum-metal specimens.
For these alloys the electron/atom ratio lies in the range
between 4.25 and 4.26. These values are very close to
e/a = 4.25 for Ti3Nb. For the ground-state structure and under
applied constant strain the coordinates of all atoms within the
16-atom supercell have been relaxed under the constraint of
conserving space-group symmetry. The results show that in
contrast to the D03-type alloy, G1-type Ti3Nb is stable against
shearing. By construction, at low temperatures the G1 phase
is also stable against the formation of antisite defects.

The elastic constants of gum-metal have been determined
by Takesue et al.23 by a Monte Carlo fitting procedure from the
moduli determined by compressive and tensile tests on single-
crystal specimens. Talling et al.26,27 used synchrotron x-ray
diffraction on specimens produced from elemental powders
(EPs) by the same techniques as those used by Takesue et al., as
well as specimens of identical composition but prepared using
a different technique (plasma spraying and hot pressing—HP).

The comparison with experiment demonstrates that the
G1-type Ti3Nb alloy has elastic shear constants which are

very similar to those measured for gum-metal alloys. Cal-
culations of the phonon dispersion relations in the harmonic
approximation confirm that all acoustic phonons have real
eigenfrequencies. However, the G1 structure has imaginary
optical phonon modes, similar to bcc Ti, which can be stabi-
lized only by anharmonic phonon-phonon interactions. Details
of the harmonic and anharmonic phonons in the β phase of
Ti3Nb will be discussed together with the temperature-driven
phase transformation.

In the following we assume that the G1-ordered binary alloy
is a good model system for the high-temperature phase of gum-
metal alloys. However, this does not mean that we claim that
the β phase is an ordered intermetallic compound. First, the
G1 structure is only one among sixteen symmetry-equivalent
and energetically degenerate configurations. A real alloy will
consist of a disordered arrangement of domains consisting
of these 16 configurations. Second, the energy differences
between the various ordered structures representing different
chemical decorations are sufficiently small such that low-
energy configurations can be realized at a local level, the
increase in internal energy being compensated by a gain
in configurational entropy. However, for calculation of the
dynamical properties we need a supercell model which is
stable at least against shear deformations. This condition is
fulfilled for the G1 structure.

TABLE II. Elastic constants (in GPa) calculated for bcc D03- and G1-type Ti3Nb alloys, compared with experimental results measured on
gum-metal specimens of slightly different compositions (cf. text).

Alloy C11 C12 C44 C ′ Reference

Theory
Ti3Nb (G1) 148.8 111.4 37.5 18.7 PWd

Ti3Nb (D03) 131.3 119.3 −7.8 6.0 PWd

Ti3Nb (D03) 128.5 115.5 14.9 6.5 17
Ti3Nb (D03) 117.3 105.6 19.9 5.8 28
Experiment
Ti-23Nb-0.7Ta-2Zr-Oa 28.5–35.6 12.3–13.7 23
EPb 125 93 28 16 26
HPc 125 90 31 17.5 26

aComposition given in atomic percent (cf. text).
bProduced from elemental powders and cold pressing.
cProduced by plasma spraying and hot pressing.
dPresent work.
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3. Cluster expansion calculations for bcc Ti-Nb alloys

In order to make an exhaustive search for concentration-
dependent ground-state structures based on a given lattice, the
cluster expansion (CE) technique was applied by exploiting the
capabilities of the Universal Cluster Expansion code UNCLE.66

The key concept of CE is to describe the infinite solid as
a set of interacting clusters of atoms located on the sites of a
lattice and to reformulate the total energy in terms of a cluster
series.53 For a binary AxB1−x alloy, the enthalpy of formation
�H (σi) for a given distribution σi of the A and B atoms over
the sites of the crystal lattice is given by

�H (σi) = E(AxB1−x,σi) − xE(A) − (1 − x)E(B). (3)

The enthalpy of formation is linearly expanded into a sum of
energies characteristic for geometrical building blocks (single
atoms, dimers, triangles, etc.) of the structure, similar to a
Heisenberg model of interacting spins,

�H (σi) =
∑
F

DF 
F (σi)JF , (4)

in which the coefficients DF and the correlation functions

F (σi) are determined by the geometry of the underlying
crystal lattice and its chemical decoration in the configuration
σi . The so-called effective cluster interaction energies JF are
determined by fitting formation energies of a suitably selected
set of structures derived by a DFT method (such as VASP) to
the expansion in Eq. (4). Making use of UNCLE, structures for
compounds are constructed for which DFT formation energies
are evaluated. From these a set of cluster interaction energies
JF are derived which are then used (i) to test the fit to the
input DFT structures and (ii) to predict formation energies for
new ground-state structures which are then recalculated by
DFT. This procedure is repeated until a sufficient set of figures
and corresponding cluster interaction energies are obtained
from which energies of formation are determined according
to Eq. (4), which fit all DFT energies within a cross-validation
score of 0.5 meV (for the present case of bcc Ti-Nb alloys) with
respect to formation energies per atom. Now, this converged
CE is used to find the most stable structures, i.e., the ones with
lowest formation energies which constitute the ground-state
line of the concentration-dependent phase diagram.

Normally, the total energy calculations are performed for
fully relaxed structures to account for local distortions of the
lattice depending on the given chemical decoration. However,
for the metastable high-temperature phase of Ti-Nb alloys,
only the volume of the unit cell can be allowed to relax,
because an optimization of the cell shape and the internal
degrees of freedom could eventually relax to the more stable
low-temperature phase or to an intermediate metastable phase
of different symmetry.

CE calculations for the bcc β phase of Ti-Nb alloys have
been performed for the entire concentration range. To create
the final input for the calculation of the cluster interactions,
total energies have been calculated for 95 different structures,
including at the composition Ti3Nb three structures with four
inequivalent sites per primitive unit cell (i.e., the G1, D03,
and L60 structures) and three structures with eight sites per
primitive unit cell. For these structures only the volume of the
unit cell has been relaxed; the shape of the unit cell and the

internal positions of the atoms have been kept frozen. With
the cluster interactions determined from these data, altogether
163 373 structures with up to 16 atoms per primitive unit
cell may be generated, including 3450 structures with the
composition Ti3Nb. Details of the CE calculations will be
reported elsewhere;67 here the important point is that the CE
calculations predict and confirm that at the composition Ti3Nb
the G1 structure indeed has the lowest energy of all 3450
structures investigated on a bcc lattice.

B. Supercell models for the low-temperature α′

phase of Ti3Nb

The α′ phase of the Ti-rich alloys is in principle a solid
solution of the second component in the hexagonal low-
temperature phase of Ti. Hence at the composition Ti3Nb
this phase will be strongly supersaturated with Nb. However,
for completeness it has been included in our analysis. To
construct a model for the α′ low-temperature phase of Ti3Nb
we have followed a strategy similar to that used for the bcc
phase. We constructed a supercell containing 16 atoms based
on the hexagonal Bh lattice. The lower symmetry of this
structure made it necessary to reduce the number of possible
configurations by fixing the occupation of one half of the lattice
sites with Ti, but this still leaves 66 different decorations of
the basic Bh structure. For these low-temperature structures
we have performed a complete relaxation of the volume and
shape of the supercell and also of all atomic coordinates.
According to their energies, the structures can be arranged
into ten groups (some of them turn out to be energetically
degenerate), and for three of these groups the internal energy
is lower than for the high-temperature bcc G1 phase. The
first two energetically degenerate groups contain 16 and 8
structures with monoclinically distorted cells and a strong
Nb-Nb interaction. These structures are by about 10 meV/atom
energetically more favorable than the G1 phase. The third
group consists of four monoclinic structures and is about
3 meV/atom higher in energy than the structures from the
first two groups. The site occupation of these structures is
closely related to that from the first two groups, but they differ
in the absence of the nearest-neighbor Nb-Nb interactions.
Representative examples from all three groups are shown in
Fig. 5. The energetically degenerate fourth and fifth groups of
structures are already higher in energy than the G1 structure
and have a tetragonal unit cell. For these five groups of
structures the information on the chemical decoration, lattice
parameters, and total energies is compiled in Table III.

The other groups of structures have higher energy than
the G1 structure and are therefore not suitable candidates for
a martensitic phase. It should be noted that the hexagonal
symmetry is preserved upon relaxation only for the six
structures with the highest energies, which are by 17 meV/atom
less favorable than the bcc G1 phase. By construction these
relaxed structures are at least metastable with respect to elastic
deformations and the formation of antisite point defects.

For the structures from groups H1, H2, and H3 we have
also calculated the phonon dispersion relations in a harmonic
approximations. Imaginary phonon modes have been found for
those from groups H1 and H2. These structures are therefore
unsuitable as models for a metastable low-temperature phase
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FIG. 5. (Color online) Supercells containing 16 atoms of the energetically most favorable groups of structures produced by relaxation of a
Bh structure with different chemical decorations used to model the α′ phase: structures from groups H1 (a), H2 (b), and H3 (c). Ti atoms are
shown in gray, Nb atoms in black (cf. text).

derived from an hcp structure. In contrast, for structure H3
all eigenmodes are found to be real; the structure is found
to be dynamically stable (see Fig. 6). This structure is a
possible candidate for the metastable low-temperature α′ phase
of Ti3Nb. The distortion from the basic hexagonal lattice is
caused by the large content of Nb, which makes this structure
also less stable than the orthorhombic α′′ and hexagonal ω

phases (see below).

C. Structure of orthorhombic α′′ Ti3Nb martensite

The α′′ martensite has an orthorhombic lattice3,68–70 with
the atoms in positions arranged according to space group
Cmcm. The Wyckoff positions are (0,0,0), (1/2,1/2,0),
(0,1 − 2y,1/2), and (1/2,1/2 − 2y,1/2), with y being ≈0.2.
By varying b/a, c/a, and y the hcp structure of the α′ phase
(for b/a = √

3,c/a = √
8/3,y = 1/3) and the bcc structure

of the β phase (for b/a = √
2,c/a = √

2,y = 1/4) may be
produced. Lattice constants of the α′′ phase of Ti-Nb alloys
with 15 − 35 at. % Nb have been reported by Kim et al.10

At the composition Ti3Nb the measured lattice constants are
a = 3.19 Å, b = 4.80 Å, and c = 4.64 Å. The orthorhombic
structure may be viewed as arising from a distortion of a
supercell containing four atoms inscribed to the bcc lattice of
the β phase and a slight displacement of the atoms decorating
the faces of the new unit cell (see Fig. 7).

As for the β phase, the chemical decoration of the
orthorhombic lattice remains to be specified. In their cal-
culations of the elastic constants of α′′ Ti3Nb, Sun et al.28

had assumed that the (1/2,1/2 − 2y,1/2) site is occupied

by Nb without investigating alternative decorations. The
two crystallographically inequivalent sites allow only two
different chemical decorations. Our calculations show that the
decoration assumed by Sun et al.28 is the most stable one,
but both allowed decorations differ by only 0.005 meV/atom
in energy. If the optimized structure of the α′′ martensite is
transformed back to the bcc lattice, the chemical decoration
corresponds to the L60 structure.

Our starting points for the construction of models for the
α′′ phase were hence the chemical decorations of the bcc
lattice in the G1 and L60 structures, described in the rotated
coordinate system appropriate to the α′′ phase (see Fig. 7). A
relaxation at constant cell volume and fixed lattice parameter
b, but without any symmetry constraints (the symmetry must
be broken in the initial configuration), has been performed
using the GADGET routine.52 The relaxation lowers the total
energy of the G1 structure by ∼7.5 meV/atom and that of
the L60 structure by ∼22 meV/atom. While the relaxed G1
structure is stable against a distortion along the (110) direction
required to match the orthorhombic α′′ structure, the distortion
of the relaxed L60 lattice lowers the total energy by a further
∼6.8 meV/atom (see Fig. 8). A stable energy minimum
is reached for the orthorhombic lattice parameters, 3.34,
4.77, and 4.41 Å, and a value of the internal parameter of
y = 0.20, in good agreement with the experimental lattice
constants reported by Kim et al.10 and those calculated by
Sun et al.28 According to our calculation, the total energy
of the α′′ structure is by 17.4 meV/atom lower than that of
the bcc G1 structure and lower by 1.2 meV/atom than the
distorted structure resulting from an unconstrained relaxation

TABLE III. The five groups of possible Ti3Nb structures with a total energy lower or comparable to that of the bcc G1 structure. These
structures have been created by decorating the sites in a 16-atom supercell of the Bh lattice and full relaxation. The chemical decoration is
described by a string of 16 binary digits, 0 standing for the occupation with Ti, 1 with Nb atoms. Lattice constants are given in Å, volume/atom
in Å3, and angles in degree. The energy difference �E (in meV/atom) has been evaluated relative to the most stable bcc phase (the unrelaxed
G1 structure) (cf. text).

Chem. decoration Count a b c α β γ Volume �E Group

0000000010010011 16 5.797 6.612 8.900 90 90 55.2 17.51 −9.7 H1
0000000001001110 8 5.797 5.797 8.897 90 90 69.6 17.51 −9.7 H2
0000000010011001 4 6.758 5.827 8.734 90 90 54.6 17.51 −7.0 H3
0000000011100010 16 9.164 6.511 6.586 90 90 45.3 17.45 +2.7 H4
0000000011010100 8 6.512 6.512 6.586 90 90 89.4 17.45 +2.7 H5
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FIG. 6. (Color online) The phonon dispersions of α′ Ti3Nb in the
H3 structure, calculated in the harmonic approximation and shown in
the Brillouin zone corresponding to the 16-atom cell (cf. text).

of the G1 structure. It is also considerably lower than any of
the structures based on the relaxed hexagonal Bh lattice. The
higher stability of the α′′ phase is consistent with experimental
observations. However, it is important to emphasize that
although the bcc lattice of the β phase may be continuously
deformed to the orthorhombic α′′ phase, the optimal chemical
decoration of both lattices is different; a phase transformation
will hence involve changes in the site occupation. In fact, the
structural relation with the L60 structure has been discovered
by following the inverse transformation from the α′′ to the
β phase.

We have also calculated the elastic constants of the
optimized α′′ phase and the results are compiled in Table IV.

FIG. 7. (Color online) Schematic illustration of the structural
relationship between the bcc β and the orthorhombic α′′ phases of
Ti3Nb. The α′′ phase may be generated by a shear deformation of a
supercell inscribed into the bcc lattice and a slight displacement of
the atoms decorating the faces of this cell. The chemical decoration
is shown for the L60 structure. In this case relaxation of the internal
coordinates, followed by an orthorhombic distortion of the inscribed
supercell, yields immediately to the α′′ structure with the chemical
decoration giving the lowest energy. Ti atoms are represented by black
balls, Nb atoms are marked by red circles around the black dots (cf.
text).
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FIG. 8. (Color online) Variation of the total energy of the G1 (red
triangles) and L60 (blue diamonds) models of the β-phase structure
upon relaxation of the internal coordinates at fixed cell shape (after
breaking point group symmetry) and further distortion along the
(110) direction to induce a transformation to the orthorhombic α′′

phase. Note that the distortion of the relaxed L60 structure leads to a
stable orthorhombic structure, whereas the distortion is energetically
unfavorable for the relaxed G1 structure (cf. text).

The conditions for the elastic stability of the orthorhombic
lattice are71

Cii > 0 for i = 1 − 6,

C22C33 − C2
23 > 0, (5)

C11C22C33 + 2C12C13C23 − C2
12C33 − C2

13C22 − C2
23C11 > 0,

and they are all satisfied for the fully relaxed structure.
Compared to the elastic constants calculated by Sun et al.,28

we find considerably higher values for all shear constants.

FIG. 9. (Color online) Phonon dispersions of orthorhombic α′′

Ti3Nb along the principal symmetry directions, calculated in the
harmonic approximation and represented in the Brillouin zone
corresponding to the orthorhombic four-atom elementary cell.
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TABLE IV. Elastic constants (in GPa) calculated for orthorhombic α′′ Ti3Nb alloy (cf. text).

Alloy C11 C12 C13 C22 C23 C33 C44 C55 C66 Reference

Ti3Nb 148.1 93.0 123.8 171.1 80.4 174.6 64.7 44.9 32.3 PWa

Ti3Nb 129.9 91.1 126.8 148.2 69.3 135.6 28.4 23.1 39.7 28

aPresent work.

The phonon dispersion relations of orthorhombic α′′ Ti3Nb
calculated in the harmonic approximation for the irreducible
four-atom cell are shown in Fig. 9. All eigenmodes are found
to be real—the structure is elastically and dynamically stable.
Hence the structure represents an acceptable model for the
low-temperature phase. However, it must also be noted that
the relation between the bcc G1 and the orthorhombic α′′
structures is not quite as simple as suggested for a completely
random alloy—the optimal model for the α′′ structure has been
derived from a bcc lattice with a slightly different chemical
decoration than the optimized G1 model of the β phase.

D. Structure of the low-temperature ω phase of Ti3Nb

The ω phase of Ti-based alloys exists in two slightly
different modifications—hexagonal and trigonal.5 The hexag-
onal version has the AlB2-type structure with space group
P 6/mmm and three atoms per unit cell at positions (0,0,0),
(2/3,1/3,1/2), and (1/3,2/3,1/2), the axial ratio is c/a ∼
0.62. The structure may be considered as an ABAB... stacking
sequence of triangular A and honeycomb B layers. The
structure may be derived from the bcc structure by collapsing
one pair of (111) planes to the intermediate position, creating
a honeycomb layer, leaving the next plane unchanged, and
collapsing the next pair and so forth [see Fig. 10(a)]. The
complete collapse (atomic displacements by ±abcc

√
3/12)

will produce the ideal ω structure with aω = √
2abcc and

cω = √
3abcc/2. Displacements smaller than abcc

√
3/2 from

the positions in the bcc phase will lead to the formation
of the trigonal ω phase (sometimes also referred to as the
“rumpled” ω structure). The space group is P 3m1, and
atoms are located at positions (0,0,0), (2/3,1/3,1/2 + z), and
(1/3,2/3,1/2 − z). The hexagonal ω structure corresponds
to z = 0. The bcc structure is recovered for z = 1/6 and
c/a = √

3/8.

The elementary cell of the ω structure contains only
three atoms. The smallest supercell compatible with the
stoichiometry Ti3Nb contains 12 atoms. Starting from the
G1 structure of the β phase, the collapse model leads after
relaxation to a hexagonal ω structure with a lattice constant
of aω = 9.324 Å and an axial ratio of c/a = 0.30 for the
supercell. For the primitive hexagonal cell, the lattice constant
of 4.66 Å and the axial ratio of 0.30 are in perfect agreement
with the results of Sun et al.28 The structure of the ω phase,
with the chemical decoration derived from the G1 structure, is
shown in Fig. 10(b). The total energy is 10 meV/atom lower
than for the G1-type β phase, but higher by 7.4 meV/atom than
for the α′′ structure. Note that the structure of the ω phase can
be derived from the G1 structure of the β phase without any
change of site occupation.

The elastic constants for the ω phase are compiled in
Table V. They are in reasonable agreement with the results
of Sun et al.28 The conditions for the elastic stability of the
hexagonal structure71

C44 > 0,

(C11 + C12)C33 − 2C2
13 > 0, (6)

C11 − C12 > 0,

are all satisfied and the hexagonal ω structure is elastically
stable.

A calculation of the phonon dispersion relations in the
harmonic approximation confirms that all acoustic modes are
stable but display an imaginary long-wavelength optical mode
along the [ξξ0] direction (see Fig. 11). The eigenvectors of this
mode show that it consists of a displacement of the Nb atoms
located in the collapsed honeycomb-type layer perpendicular
to the plane. A static relaxation without the constraint of
hexagonal symmetry, however, does not converge to a trigonal
phase where pairs of atoms are displaced in opposite directions.

FIG. 10. (Color online) (a) Schematic representation of the collapse model for the relation between the structural models of the bcc β

and hexagonal ω phases. (b) Supercell containing 12 atoms representing the structure of the hexagonal ω Ti3Nb alloys. The [111] direction
of the bcc lattice corresponds to the [0001] axis of the hexagonal lattice. Ti atoms are shown in blue (dark), Nb atoms in red (light gray) (cf.
text).
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TABLE V. Elastic constants (in GPa) calculated for hexagonal ω Ti3Nb alloy, cf. text.

Alloy C11 C12 C13 C33 C44 C66 Reference

Ti3Nb-hexagonal 226.0 116.7 80.7 276.4 54.7 38.8 PWa

Ti3Nb-hexagonal 162.2 124.9 84.8 234.3 22.3 18.6 28

aPresent work.

This suggests that this mode will be stabilized by modest
anharmonic corrections. A self-consistent phonon calculation
for such a large cell with low symmetry, however, turns
out to be computationally very demanding. Therefore, the
calculation of the vibrational free energy for the ω phase
has been performed in the harmonic approximation and the
contribution of the soft mode has been set to zero.

IV. STABILIZATION OF THE bcc β PHASE BY
ANHARMONIC INTERACTIONS

In the preceding sections we have constructed structural
models for the β, α′, ω, and α′′ phases of Ti3Nb alloys.
Relative to the most stable α′′ phase the structural energy
differences are 7.4, 10.4, and 17.4 meV/atom for the ω, α′,
and β phases, respectively. While the relaxed structures of
the α′′ and α′ phases have been shown to be both elastically
and dynamically stable, and the ω phase shows only one
imaginary phonon mode related to displacements of the Nb
atoms from the collapsed honeycomb plane, the optimized G1
structure of the β phase was found to be elastically stable but
dynamically unstable, with imaginary optical phonon modes
extending over almost the entire Brillouin zone. To verify that,
as for the β phase of pure Ti, the G1 structure is stabilized
already at moderate temperatures by anharmonic interactions,
the phonon dispersion relations have been calculated using
self-consistent phonon theory as implemented in the SCAILD
method for temperatures up to 1600 K. Figure 12 shows
the phonon dispersion relations calculated in the harmonic

FIG. 11. (Color online) The phonon dispersion relations of the
hexagonal ω phase Ti3Nb alloy along the principal symmetry
directions of the Brillouin zone corresponding to the hexagonal
supercell with 12 atoms, calculated in the harmonic approximation.

(a)

0

2

4

6

8

fr
eq

ue
nc

y 
(T

H
z)

T=0K

[ξ00][ξξξ] Γ[1/4,1/4,1/4]Γ [ξ−ξξ]

2i

(b)

0

2

4

6

8
fr

eq
ue

nc
y 

(T
H

z)

T=300K

[ξ00][ξξξ] Γ[1/4,1/4,1/4]Γ [ξ−ξξ]

(c)

0

2

4

6

8

fr
eq

ue
nc

y 
(T

H
z)

T = 600K

[ξ00][ξξξ] Γ[1/4,1/4,1/4]Γ [ξ−ξξ]

FIG. 12. (Color online) The phonon dispersions of the β Ti3Nb
alloy in the G1 structure, calculated in the harmonic approxima-
tion (a) and using self-consistent phonon theory at T = 300 K
(b) and T = 600 K (c). The dispersion relations are drawn for the
Brillouin zone corresponding to the irreducible four-atom elementary
cell.
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FIG. 13. (Color online) Temperature dependence of the soft opti-
cal mode (black diamonds) and of the lowest stable (nondegenerate)
optical mode (red circles) at the  point for the G1 structure of the β

phase of Ti3Nb.

approximation and using self-consistent phonon theory
at temperatures of 300 K and 600 K. We find that already
at room temperature the anharmonic phonon-phonon
interactions stabilize the soft optical modes.

The dynamical instability of the β phase is driven by
the softening of the optical mode at the  point which
occurs in a narrow temperature interval between 200 and
100 K (see Fig. 13). A similar sudden jump in the frequency
of a transverse acoustic phonon has been reported for the
self-consistent phonon calculations for B2-type Ni-Ti alloys
by Souvatzis et al.38 It has been argued that the discontinuous
variation of the frequency is a consequence of the relatively
small size of the supercell, since this leads to an overestimation
of the contributions of different phonon modes to the atomic
displacements, especially at very low frequency. For a larger
supercell with an increased number of commensurate phonons,
a more continuous variation of the soft-mode frequency is
expected. However, the important point is that the β → α′′ or
β → ω transitions occur already at higher temperatures (see
below). In contrast to the soft optical modes, the other phonon
modes show only a much weaker temperature dependence. As
an example, the variation of the lowest stable optical mode at
the  point is also shown in Fig. 13.

To confirm our choice of the G1 structure for the model
structure of the β phase, we have also applied the self-
consistent phonon method to the D03 structure. In this case,
the acoustic shear modes corresponding to the negative C44

shear constant and several optical modes are imaginary
over the largest part of the Brillouin zone. For the D03

structure the anharmonic interactions cannot stabilize the soft
eigenmodes—imaginary eigenfrequencies are calculated for
temperatures up to 1200 K. The dramatic differences between
the anharmonic phonon spectra of the G1 and D03 structures
demonstrate the decisive influence of the chemical decoration
of the basic bcc lattice for the stabilization of the β phase.

V. TEMPERATURE-DRIVEN PHASE TRANSITIONS

The phase stable at a given temperature T is determined by
the minimum free energy, including vibrational and electronic

contributions to the entropy. Phases that are only metastable
or even unstable at low temperatures may be favored at higher
temperatures by a larger entropy, leading to a lower free
energy. In principle, this requires calculation of the vibrational
spectra and free energies of all competing phases at the same
level of theory. For the bcc β phase, which is dynamically
unstable, anharmonic effects must be included—here via a
self-consistent phonon approach. As we have mentioned, up
to 100 iterations are required to achieve self-consistency even
for the highly symmetric bcc β phase. For the low-symmetry
orthorhombic, hexagonal, or monoclinic relaxed structures of
the low-temperature phases, such calculations will be almost
prohibitively demanding. On the other hand, the results for
the β phase demonstrate that for the modes stable already
in a harmonic approximation, anharmonic effects tend to be
modest. This suggests use of the harmonic approximation for
the dynamically stable phases for calculating the temperature
dependence of the free energy. Another difficult point is to
account for the effect of thermal expansion. In principle this
requires calculation of the phonon spectra and the vibrational
free energy at each temperature at different volumes and
minimization of the free energy as a function of temperature.
The alternative is to neglect thermal expansion and to perform
the calculations at fixed volume.

To test the validity of these simplifying assumptions we
have calculated the martensitic transition temperature of pure
Ti. The structural energy difference between the bcc and hcp
phases of Ti is 114 meV/atom according to our calculation.
Calculation of the vibrational free energy Fvib(V,T ) has
been performed for bcc Ti using the self-consistent phonon
approach as implemented in SCAILD, while for hcp Ti the
calculation has been performed in the harmonic approxima-
tion. The calculations for both phases have been performed at
fixed atomic volume, as calculated at T = 0 K. The variation
of the free energy and of the contributions from the vibrational
and electronic entropies are shown in Fig. 14(a). This approach
predicts a martensitic transition temperature of Tc = 1300 K,
to be compared with an experimental value30 of Tc = 1155 K.
In order to investigate the influence of thermal expansion,
we evaluated the total free energy F (V,T ) as a function of
volume at a fixed temperature of T = 1200 K. The thermal
expansion of 0.006% leads to a reduction of the difference in
the vibrational free energies by about 12 meV and results in
a decrease of the calculated transition temperature by ≈120
K, giving the transition temperature of Ti in almost perfect
agreement with experiment. Hence, the same simplifications—
harmonic approximation for the low-temperature phases and
constant volume—have also been used for estimating the
transition temperatures between the different phases of Ti3Nb
alloys.

Figure 14(c) shows calculated free-energy differences
between the β and α′′ phases of Ti3Nb as a function of
temperature. The difference in the internal energies of the α′′

and β phases is 17.4 meV/atom. The free-energy difference
is lower already at low temperatures because of a significant
differences in the zero-point vibrational energies favoring the
β phase. We also find a higher electronic entropy for the β

phase because of a higher density of states at the Fermi level.
Above a temperature of about 700 K the β phase is lower
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FIG. 14. (Color online) The free-energy differences (red line)
between the G1-type β phase of Ti3Nb and the stable low-temperature
phases: (a) α′ (including for comparison also the free-energy
difference between the β and α phases of pure Ti), (b) hexagonal
ω, and (c) orthorhombic α′′ phases. The differences in the vibrational
free energies (diamonds) and in the electronic entropy contributions
(crosses) to the free energy are also displayed.

in energy. Note that this is higher by about 550 K than the
temperature at which the dynamical instability (softening of
an optical mode) sets in. The temperature below which the β

phase becomes dynamically unstable determines a lower limit
to the martensitic start temperature.10

The same plot for the β → ω transformation is shown in
Fig. 14(b). In agreement with experiment we find the ω phase
to be metastable only with respect to the α′′ phase, and the
β → ω transition is predicted to occur only at a much lower
temperature of about 200 K. Thus a thermal treatment above

this temperature will lead to the formation of α′′ precipitates,
while the ω phase will be formed only upon aging at lower
temperatures. These temperatures are lower than reported in
the studies of Moffat and Larbalestier3 and Kim et al.10 Finally,
the free-energy diagram for the β → α′ transition is shown in
Fig. 14(a), displaying a calculated transition temperature of
about 300 K.

Parts of the discrepancies between the calculated and
observed transition temperatures could be due to the neglect of
thermal expansion and of possible weak anharmonic effects in
the phonon spectrum of the low-temperature phases, as well as
to the approach used to optimize the chemical decorations of
the different lattices. For the β phase the decoration has been
optimized for a 16-atom supercell, while for the orthorhombic
α′′ phase only the different possibilities of locating the single
Nb atom in a four-atom cell have been examined. It is hence
conceivable that a slightly different chemical decoration of
the orthorhombic α′′ lattice reduces the structural energy
difference and consequently, also the calculated transition
temperature. Upon transformation from the β to the ω phase
it has been assumed that the chemical decoration does not
change at all.

Our models with the optimized chemical decoration also
provide some rationale for the observed phase transformations:
(i) The structures of the α′′ and ω phases are derived by
different deformations of the bcc lattice; hence no direct
transformation between these phases will occur at low tem-
perature. (ii) The β → α′′ transformation involves a change
of site occupation, while the β → ω transformation does
not. This explains why upon aging a slowly cooled sample
below the martensitic temperature the metastable ω phase is
formed, because during slow cooling the chemical order in
the β phase is optimized. The lattice deformation producing
the orthorhombic α′′ phase is energetically unfavorable if
applied to the G1 structure. In a quenched sample the more
disordered distribution of the two species over the sites of
the bcc lattice assumed at elevated temperatures is conserved,
and this facilitates the formation of the α′′ structure which
requires a change in the site occupations relative to the optimal
decoration of the bcc lattice of the β phase.

VI. CONCLUSIONS

We have constructed structural models for the β, α′, α′′,
and ω phases of Ti3Nb alloys with an optimized chemical
decoration of the basic lattices. The static total energies from
ab initio DFT calculations increase in the sequence α′′ →
ω → α′ → β. While the structures of the low-temperature
phases are found to be elastically and dynamically stable,
the high-temperature β phase is found to be elastically
stable but dynamically unstable below about 200 K, with
imaginary frequencies for some optical modes. Using a
self-consistent phonon approach we have shown that the soft
phonon modes are stabilized already below room temperature.
The temperatures for the β → α′′ and β → ω transitions
have been calculated from the temperature dependence of
the free energies, including the vibrational free energy and
the electronic entropy contributions. In agreement with
experiment, the lower transition temperature for the formation
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of the ω phase shows that it can be formed only as a metastable
phase.

We have shown that the chemical decoration of the basic
lattices is essential for achieving elastic and dynamic stability
of the β phase. While a D03-type superstructure of the bcc
lattice (and many other possible chemical decorations) leads
to an elastic instability and soft optical and acoustic modes
which cannot be stabilized by anharmonic phonon-phonon
interactions, the optimized G1 structure is stable against shear
deformations and the soft optical modes are stabilized already
at moderate temperature. The necessity to create an ordered
distribution of the Ti and Nb atoms on the bcc lattice also has
significant consequences for the phase transformations. Both
the α′′ and ω structures can be created by a continuous defor-
mation of the bcc lattice. However, whereas the deformation
of the G1 structure leads to a stable ω structure, the transition
to the α′′ structure also has to involve a change in the chemical
decoration—which is possible at elevated temperature, but
not in quenched samples. This provides a rationale for the
observed competition between the formation of ω and α′′
precipitates.

Our study has been motivated by the recent interest
in gum-metal alloys, which differ from the binary Ti3Nb
alloy by the presence of small additions of other elements
(Zr, Ta) and doping with a small amount of oxygen while
maintaining the same electron/atom ratio. We think that the
main conclusion of our work—the stabilization of the β

phase by anharmonic phonon-phonon interactions—applies
also to gum-metal alloys. However, the presence of ternary
or quaternary additions might present a major obstacle to a
change in site occupation and hence hinder the formation of a
chemically optimized α′′ phase.

Characteristic properties of gum-metal alloys include,
besides their low shear moduli, their low ideal tensile and
shear strengths. Current work is devoted to simulations of
the response of β-phase Ti3Nb alloys with the G1 structure
to tensile and shear loading. Preliminary results show values
of the ideal strengths close to experiment but very unusual
stress-strain relations. More details will be reported very
soon.
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APPENDIX

The SCAILD method is based on the calculation of
Hellmann-Feynman forces acting on atoms at locations dis-
placed from their positions in an idealized lattice due to
lattice vibrations (phonons). All phonons with wave vectors
q commensurate with the supercell used for the calculations
are excited and contribute to the displacements of the atoms

from their equilibrium positions in a static lattice R + bj to new
positions R + bj + URj , where the displacements are given
by

URj = 1√
N

∑
qs

Aj
qsε

j
qs expiq(R+bj ) . (A1)

Here R represents the N Bravais lattice sites of the supercell,
bj the position of atom j relative to its site, and ε

j
qs are the

phonon eigenvectors corresponding to the phonon mode qs.
The amplitudes A

j
qs of all phonon modes can be calculated

in a harmonic approximation from the phonon frequencies
ωqs as

Aj
qs = ±

√
h̄

2Mjωqs

coth

(
h̄ωqs

2kBT

)
, (A2)

where T is the temperature of the system and Mj the mass
of atom j . The phonon frequencies ωqs appearing in this
expression can be obtained from the Fourier transform Fj

q
of the force constants acting on the atoms in the supercell by

ωqs =
√√√√−

∑
j

ε
j
qsF

j
q

A
j
qsMj

. (A3)

In the SCAILD scheme the equations are solved first by
calculating a starting guess for the phonon dispersion relations
by means of a standard supercell calculation using the direct-
displacement method implemented in VASP.65 The phonon
frequencies corresponding to q vectors commensurate with the
supercell are then used to calculate the atomic displacements
using Eqs. (A1), (A2), and (A3). The forces induced by the
displacements URj are calculated using the VASP code. From
the Fourier transform of the new force constants, a set of
improved phonon frequencies is calculated using Eq. (A3).
The mean value of the phonon frequencies calculated in all
previous iterations provides a new set of frequencies:

ωqs(Ni) = 1√
Ni

√√√√ Ni∑
i=1

	2
qs(i), (A4)

where 	qs(i) are the frequencies from previous iterations.
These steps are repeated until convergence is reached (hence
the name “self-consistent phonon method”). In our calcula-
tions, about 100 iterations were necessary to obtain converged
phonon frequencies, which makes SCAILD calculations
considerably more expensive than usual direct-displacement
or density-functional perturbation calculations of harmonic
phonon frequencies. Anharmonicities associated with thermal
expansion of the lattice are not included in the SCAILD scheme
but might be taken into account by performing SCAILD
calculations at several different volumes.
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